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Formulation

What is uniform PDF?
A RV X is uniformly distributed on interval [a, b], X ∼ U(a, b), if

f (x) =

{ 1
b−a , a ≤ x ≤ b,
0, elsewhere
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Expectation & Variance

Computation of E(X ) and V (X ) for uniform distribution

E(X )

=

∫ ∞
−∞

x f (x) dx =

∫ ∞
−∞

x · 1
b − a

dx

=
1

b − a

[
x2

2

]b

x=a
=

1
b − a

· 1
2

(
b2 − a2

)
=

1
2

(a + b)

V (X ) = E(X 2)− µ2
x = . . . =

1
12

(b − a)2 (check yourself)
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Examples

Example 1

Let X ,Y ∼ U(0, 1) independently and let Z = max(X ,Y ). Compute E(Z ).

Solution:

First calculate the cumulative distribution of Z:

F (z)

= P(Z ≤ z) = P(max(X ,Y ) ≤ z)

= P(X ≤ z,Y ≤ z) = P(X ≤ z) · P(Y ≤ z)

=


0, z < 0
z2, 0 ≤ z ≤ 1
1, z > 1

So for the density we have f (z) =


0, z < 0
2 z, 0 ≤ z ≤ 1
0, z > 1

(not uniform)

Hence E(Z ) =
∫ 1

0 z · 2 z dz =
[ 2

3 z3]1
z=0 = 2

3
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Example 2

Let X ,Y ∼ U(0, 10) independently and let Z = X + Y . Compute f (z).

Solution:

First calculate the cumulative distribution of Z:

F (z)

= P(Z ≤ z) = P(X + Y ≤ z)

=

∫ 10

0
P(X + Y ≤ z|Y = y) · 1

10
dy =

∫ 10

0
P(X ≤ z − y)

1
10

dy

Case z ∈ [0,10]

=
∫ z

0
z−y
10 ·

1
10 dy = 1

100

[
z y − 1

2 y2
]z

y=0 = 1
200 z2

Case z ∈ [10,20]

=
∫ z−10

0
1
10 dy +

∫ 10
z−10

z−y
10 ·

1
10 dy =[

1
10 (z − 10) + 1

100 (z y − y2

2 )
]10

y=z−10
= . . . =

1
100 (20 z − z2

2 − 100)
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F (z) = P(Z ≤ z) = P(X + Y ≤ z)

=

∫ 10

0
P(X + Y ≤ z|Y = y) · 1

10
dy =

∫ 10

0
P(X ≤ z − y)

1
10

dy

Case z ∈ [0,10]

=
∫ z

0
z−y
10 ·

1
10 dy = 1

100

[
z y − 1

2 y2
]z

y=0 = 1
200 z2

Case z ∈ [10,20]

=
∫ z−10

0
1
10 dy +

∫ 10
z−10

z−y
10 ·

1
10 dy =[

1
10 (z − 10) + 1

100 (z y − y2

2 )
]10

y=z−10
= . . . =

1
100 (20 z − z2

2 − 100)



beamer-tu-logo

Uniform Distribution Flavor of estimation problems . . . Exponential Distribution

Examples

Example 2
Let X ,Y ∼ U(0, 10) independently and let Z = X + Y . Compute f (z).
Solution:

First calculate the cumulative distribution of Z:

F (z) = P(Z ≤ z) = P(X + Y ≤ z)

=

∫ 10

0
P(X + Y ≤ z|Y = y) · 1

10
dy =

∫ 10

0
P(X ≤ z − y)

1
10

dy

Case z ∈ [0,10]

=
∫ z

0
z−y
10 ·

1
10 dy = 1

100

[
z y − 1

2 y2
]z

y=0 = 1
200 z2

Case z ∈ [10,20]

=
∫ z−10

0
1
10 dy +

∫ 10
z−10

z−y
10 ·

1
10 dy =[

1
10 (z − 10) + 1

100 (z y − y2

2 )
]10

y=z−10
= . . . =

1
100 (20 z − z2

2 − 100)



beamer-tu-logo

Uniform Distribution Flavor of estimation problems . . . Exponential Distribution

Examples

Example 2
Let X ,Y ∼ U(0, 10) independently and let Z = X + Y . Compute f (z).
Solution:

First calculate the cumulative distribution of Z:

F (z) = P(Z ≤ z) = P(X + Y ≤ z)

=

∫ 10

0
P(X + Y ≤ z|Y = y) · 1

10
dy =

∫ 10

0
P(X ≤ z − y)

1
10

dy

Case z ∈ [0,10]

=
∫ z

0
z−y
10 ·

1
10 dy = 1

100

[
z y − 1

2 y2
]z

y=0 = 1
200 z2

Case z ∈ [10,20]

=
∫ z−10

0
1
10 dy +

∫ 10
z−10

z−y
10 ·

1
10 dy

=[
1

10 (z − 10) + 1
100 (z y − y2

2 )
]10

y=z−10
= . . . =

1
100 (20 z − z2

2 − 100)



beamer-tu-logo

Uniform Distribution Flavor of estimation problems . . . Exponential Distribution

Examples

Example 2
Let X ,Y ∼ U(0, 10) independently and let Z = X + Y . Compute f (z).
Solution:

First calculate the cumulative distribution of Z:

F (z) = P(Z ≤ z) = P(X + Y ≤ z)

=

∫ 10

0
P(X + Y ≤ z|Y = y) · 1

10
dy =

∫ 10

0
P(X ≤ z − y)

1
10

dy

Case z ∈ [0,10]

=
∫ z

0
z−y
10 ·

1
10 dy = 1

100

[
z y − 1

2 y2
]z

y=0 = 1
200 z2

Case z ∈ [10,20]

=
∫ z−10

0
1
10 dy +

∫ 10
z−10

z−y
10 ·

1
10 dy =[

1
10 (z − 10) + 1

100 (z y − y2

2 )
]10

y=z−10

= . . . =

1
100 (20 z − z2

2 − 100)



beamer-tu-logo

Uniform Distribution Flavor of estimation problems . . . Exponential Distribution

Examples

Example 2
Let X ,Y ∼ U(0, 10) independently and let Z = X + Y . Compute f (z).
Solution:

First calculate the cumulative distribution of Z:

F (z) = P(Z ≤ z) = P(X + Y ≤ z)

=

∫ 10

0
P(X + Y ≤ z|Y = y) · 1

10
dy =

∫ 10

0
P(X ≤ z − y)

1
10

dy

Case z ∈ [0,10]

=
∫ z

0
z−y
10 ·

1
10 dy = 1

100

[
z y − 1

2 y2
]z

y=0 = 1
200 z2

Case z ∈ [10,20]

=
∫ z−10

0
1
10 dy +

∫ 10
z−10

z−y
10 ·

1
10 dy =[

1
10 (z − 10) + 1

100 (z y − y2

2 )
]10

y=z−10
= . . . =

1
100 (20 z − z2

2 − 100)



beamer-tu-logo

Uniform Distribution Flavor of estimation problems . . . Exponential Distribution

Examples

Example 2 (cont.)

F (z)

=


0, z < 0

1
200z2, 0 ≤ z ≤ 10
1

100

(
20 z − z2

2 − 100
)
, 10 ≤ z ≤ 20

1, z > 20

f (z)

=


0, z < 0,

z
100 , 0 ≤ z ≤ 10

1
100 (20− z) , 10 ≤ z ≤ 20
0, z > 20
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And now . . .

1 Uniform Distribution
Formulation
Expectation & Variance
Examples

2 Flavor of estimation problems . . .

3 Exponential Distribution
Formulation
Expectation etc.
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Example 3: Estimation in a uniform distribution U(0,L)

Let X ∼ U(0, L), with L unknown

We want to estimate L

For that purpose we draw 100× independently from U(0, L)

Let Xi be the RV corresponding to the i th drawing

Then X1,X2, . . . ,X100 are independent and indentically distributed (IID)
according to U(0, L)

We call X1,X2, . . . ,X100 a random sample

After 100 drawings we have 100 realizations, denoted by
X1,X2, . . . ,X100
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Example 3: Estimation in a uniform distribution U(0,L)
(cont.)

Define Z = max{X1, . . . ,X100}

Then F (z) = P(Z ≤ z) =
∏100

i=1 P(Xi ≤ z) =
( z

L

)100
, 0 ≤ z ≤ L

Hence f (z) = F ′(z) = 100 ·
( z

L

)99 · 1
L

Then E(Z ) =
∫ L

0 z · 100 ·
( z

L

)99 · 1
L dz = 100

∫ L
0

( z
L

)100 dz

=
[
100 · 1

101

( z
L

)101 · L
]L

z=0
= 100

101 L

As an estimate for L we now define the RV B = 101
100 · Z . We have

E(B) = L

B is called an unbiased estimator for L
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Estimates

Point estimate - solution is a single point

Interval estimate - solution is an interval

2 common point estimates

The sample mean - X̄ = 1
n

∑n
i=1 Xi

The sample variance - S̄2 = 1
n−1

∑n
i=1(Xi − X̄ )2

Observation 1

E(X̄ ) = E
( 1

n

∑n
i=1 Xi

)
= 1

n

∑n
i=1 E(Xi ) = 1

n

∑n
i=1 µX = 1

n · n · µX = µX
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Observation 2

Let X1, . . . ,Xn be IID with µ = E(X ), σ2 = V (X ). Then

V (X̄ )

= V

(
1
n

n∑
i=1

Xi

)
= V (

1
n

X1 +
1
n

X2 + . . .+
1
n

Xn)

=
1
n2 V (X1) +

1
n2 V (X2) + . . .+

1
n2 V (Xn)

=
1
n2 · n · V (Xi ) =

1
n
· V (Xi ) =

1
n
σ2

Notice that V (X̄ ) = E
{

(X − µ)2
}

︸ ︷︷ ︸
variance of sample mean

6= S2 ≈ E
{

(Xi − X̄ )2
}

︸ ︷︷ ︸
sample variance

Moreover, Observation 2 is independent of the actual distribution of the Xi
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V (X̄ ) = V

(
1
n

n∑
i=1

Xi

)
= V (

1
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X1 +
1
n

X2 + . . .+
1
n

Xn)

=
1
n2 V (X1) +

1
n2 V (X2) + . . .+

1
n2 V (Xn)

=
1
n2 · n · V (Xi ) =
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n
· V (Xi ) =

1
n
σ2

Notice that V (X̄ ) = E
{

(X − µ)2
}

︸ ︷︷ ︸
variance of sample mean

6= S2 ≈ E
{

(Xi − X̄ )2
}

︸ ︷︷ ︸
sample variance

Moreover, Observation 2 is independent of the actual distribution of the Xi
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Example 4

Let X have the following distribution: P(X = 1) = p̄, P(X = 0) = 1− p̄ with p̄
unknown (0 elsewhere). Estimate p̄

Notice that µX = E(X ) = p̄, V (X ) = p̄ − p̄2 = p̄(1− p̄)

We draw X1, . . . ,Xn from this distribution. Then:

E(X̄ ) = 1
n

∑n
i=1 E(Xi ) = 1

n · n · E(X ) = p̄

⇒ X̄ unbiased
estimator for µX = p̄

V (X̄ ) = 1
n2

∑n
i=1 V (Xi ) = 1

n2 · n · p̄(1− p̄) = 1
n · p̄(1− p̄)

HW: What is the probability distribution of
∑n

i=1 Xi?
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And now . . .

1 Uniform Distribution
Formulation
Expectation & Variance
Examples

2 Flavor of estimation problems . . .

3 Exponential Distribution
Formulation
Expectation etc.
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Formulation

What is exponential PDF?
A RV X is exponentially distributed with parameter λ (book: parameter 1/β ),
X ∼ Exp(λ), if

f (x) =

{
λ exp(−λ x), x > 0,

0, elsewhere
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Expectation etc.

Computation of E(X ), F (X ) and V (X ) for exponential
distribution

E(X )

=

∫ ∞
0

x f (x) dx =

∫ ∞
0

x · λ exp(−λ x) dx

bp
= [−x · exp(−λ x)]∞x=0 +

∫ ∞
0

exp(−λ x)dx

= −0 + 0 +

[
−1
λ
· exp(−λ x)

]∞
x=0

=
1
λ

F (x) = 1− exp(−λ x) for x > 0 and 0 elsewhere

E(X 2) =
2
λ2

V (X ) =
2
λ2 −

(
1
λ

)2

=
1
λ2
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